IMPLICIT FUNCTIONS DEFINED BY EQUATIONS WITH VANISHING
JACOBIAN*

BY

GUY ROGER CLEMENTS

Let
(1) y'i=fi(xl)'°"xn) (i=112”"’n))
be n functions, each analytic in the point (xy, ---, z,) = (a1, -+, @s),
and let

fi(a) = b; (i=1,2,---,n).
The nature of the inverse functions
&= g: (Y1, =+ s Yn)
in the neighborhood of the point (y) = (b) is familiart for the case in which

the Jacobian
J_a(fl, f2, ) fﬂ)

_a(xl;xZ, --—,x,.)’

does not vanish in the point (z) = (a), and for the case in which J vanishes
identically in the neighborhood of this point. This paper deals with the
intermediate case in which J vanishes in the point (z) = (a), but does not
vanish identically in the n variables 2. Concerning this case, Professor
Oscoop has pointed out that, as examples show, the solution of the system of
equations (1) for z,, - - - , z, may lead to multiple-valued functions which are
not analytic in the point (y) = (b), and has made the suggestion, “ Dies
diirfte wohl stets der Fall sein.” This turns out in fact to be the case whenever
an inverse exists throughout the neighborhood of the point (z) = (a).
Some phases of the problem here suggested have been studied by LoNGLEY,}
DEbERICK,§ and URNER|| (see also the note to Theorem 4). For the most of
their work, f; is a real function of real variables. For the case treated here f;

* Presented to the Society, April 28, 1911, and October 26, 1912. See Bulletin,
American Mathematical Society, vol. 18 (1912), p. 451.

t Osaoob, Encyclopddie der Mathematischen Wissenschaften, vol. 11, p. 104, Sec. 44.

{Bulletin of the American Mathematical Society, vol. 17 (1910),
p. 1.

§ These Transactions, vol. 14 (1913), p. 143.

|| Ibid., vol. 13 (1912), p. 232.
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is an analytic function of the n complex arguments z;,z;, -+ ,2.. For two
of the theorems the proof is given only in the case n = 2.

If 2;, x3, - - -, o denote n independent complex variables, any region which
contains at least the totality of all points (x;, z2, - -+, z,) for which

|x1—a1|<e, |x2—a2|<e, Y |xﬂ—aﬂ|<e’

for some € > 0, is called a neighborhood of the point (a;, az, -+, an). For
purposes of simplicity, the neighborhood of the point (0, 0, ---, 0) is con-
sidered throughout this paper.

Part 1.

THE TRANSFORMAT ON T.

Consider the transformation

T: :c=f(u,v), y=‘P(u;”)’

(@) f (u,v) and ¢ (u, v) denoting functions of the complex variables u and v,
single-valued and analytic throughout a neighborhood R of uw =0, » = 0; and
satisfying the conditions

® f(0,0)=0, ¢(0,0)=0;
(e J(u:”)=fu¢v_fv¢u$0, J(0,0)=0.

To any point (u, v) of R, there corresponds, under T, one and but one
point (z, y) of the (z, y) space. The totality of points (z, y) which thus
correspond to points (u, v) of R, constitute a finite region R of the (z, y)
space. In general, more than one point (u, ») will yield the same pair of
values for z and y. We shall count such a point (z, y) but once, thus re-
garding it as completely characterized by its coordinates, and seek an inverse
transformation _

u=f(z,y), v= o (2, y)

which will put in evidence all those points (u, ) of R which correspond under
T to any point with codrdinates (z, y) of R. Thus the functions f (z, y),
@ (z, y) are to be defined only in the points of R, and there uniquely or as
multiple valued functions.

We shall make repeated use of the following form of the Weierstrassian*
preparation theorem:

If F(y; 1, -+, 2n) is analytic in the point (0; 0, ---, 0), and if

* WEIERSTRASS, Abhandlungen aus der Funktionenlehre, p. 105; P1carp, Traité &' Analyse,
vol. 2, p. 241; Goursar, Cours d’ Analyse, vol. 2, Sec. 356, p. 280; BLiss, Bulletin of the

American Mathematical Society, vol. 16 (1910), p. 356; MacMILLAN, ibid., vol.
17 (1910), p. 116.
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F(0;0, ---, 0) = 0; if furthermore F(y; 0, ---,0) + 0, and if y=0
is a zero of order m of F (y; 0, :--,0), then F (y; 2;, ---, x,) can be ex-
pressed in the form

F(?/;ll, "')xn)EI‘(y;xh "'yxn)w(y;xli "')zn):

where w (y; 21, *++, %a) is analytic in the point (0; 0, ---, 0) and
w(0;0, ---,0) #+ 0, and furthermore

T(y;a1, -, 2) =9+ A1 (21, -, 2a)y™ 2+ -+ A (21, +++, 20),

A;(2y, - - -, x,) being analytic in the point (0, ---, 0) with 4, (0, ---,0) =0
(t=1,2,.---,m).

We can assume without essential restriction that f (u, v), ¢ (u, v) and
J (u, ) satisfy the conditions of this theorem. That the first two conditions
are satisfied follows immediately from the hypotheses concerning T. But
suppose, for example, that f (u, 0) = 0. Since f (u, v) is analytic in the
point (0, 0), it can be written as a series of the form

(2) f(u’v) Efl(u’v)+f2(u’”)+"'+f1'(u"v)+”'y

where f; (u, v) is a homogeneous polynomial of degree ¢ in % and v, or vanishes
identically. Since by hypothesis, J (u, v) % 0, it follows that f(u,v) % 0
and ¢ (u, v) 8 0. Hence there must exist at least one f:(u, v) 0.
Suppose j to be the degree of the first f; (», ») which is not identically zero.
Make the change of variables

u=au + b,
&) ,

v=cu + dv,
subject to the conditions* that

ad —be + 0,

and that the coefficient of 4’ in the polynomial into which f; is transformed is
not zero.

This coefficient, which has the value f; (a, ¢), is a homogeneous polynomial
of degree j in a and ¢ with at least one coefficient different from zero. Taking
for a and ¢ any two numbers for which this polynomial does not vanish, one
can then always determine b and d so that further ad — be + 0. In the same
way we see that, to insure ¢ (u,0) % 0 and J (u, 0) Z 0, it is sufficient,
since J is invariant under linear transformation,t to avoid a finite number of
values of the ratioa : c.

The transformed functions are in each case single-valued and analytic in
the neighborhood of %’ = 0, v = 0, and vanish in this point. Since the

* WEIERSTRASS, loc. cit:, p. 113,
t Goursat, Cours d’ Analyse, vol. 1, Sec. 29.
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Jacobian determinant for the transformed functions differs from that for the

functions f (u, ») and ¢ (u, v) only by the constant factor ad — bc + 0,

the vanishing of the Jacobian in the point (0, 0) has not been affected.
Any function

flu,2) =fi(u,o)+fo(u,v)+ -+ fi(u,v)+ -+,

which has a coefficient different from zero for the term in u alone in that first
polynomial f; (u, v) which is not identically zero, will be spoken of in the
subsequent discussion as normalized.

THEOREM 1: The transformation T can never have an inverse

u=f(x,y), o=o0(z,y)

such that both f (2, y) and @ (x,y) are single-valued and analytic throughout
the netghborhood R ofx=0,y=0,and vani.g_h whenx=0,y=0.

Suppose such an inverse to exist. Then J (2, y) =f. o, — f, ., being
a polynomial in the first partial derivatives of functions analytic in R, is
itself analytic in R. But*

J (u,v) - J[f (u,0),0(u,0)]=1, and J(0,0)=0.

From this contradiction follows the truth of the theorem.

Both theorem and proof evidently hold for a similar transformation in any
number of variables.

THEOREM 2: If, in the transformation T ,f (u,v) and ¢ (u,v) have no common
factor in the point (0, 0), and if the region R be suitably restricted, then there
exists an inverse, defined. throughout the neighborhood of x = 0, y = 0, every-
where continuous in that neighborhood, finitely multiple valued, but not single
valued, analytic except along a complex one-dimensional locus, and having the
value u=0,v=0 when z =0,y = 0.

Suppose the functions f (%, v) and ¢ (u, ») have been normalized and that

fu(0,0)= -+ =f4(0,0)=0, f.(0,0)%*0;
(0,,(0,0): tte =¢u"1(0)0) =~0’ 90.‘(0’0)*0-
Consider the equations
4) f(u,0) —2=0,

o(u,2)—y=20

with left members analytic in a region $ made up of R for u and », and of the
z and y planes.

* JorpaN, Cours d’ Analyse, vol. 1, 2d ed. (1893), p. 89.
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From the Weierstrassian preparation theorem, we have
! flu,0) —z=[wr+ A (v,2)u*" + - + A (v, 7)]a(u, 0, 2)
=g(u,v,2)a(u,v,2),
o(u,0) —y=[u+Bi(v,y)u+ .-+ Bi(v,9)]b(u,,y)
=h(u,0,y)b(u,v,¥),

where throughout a suitably chosen neighborhood S’ of the point (0,0,0,0),
each of the functions g, k, ¢, b is analytic, and a(u, v, ) +0,
b(u,v,y) + 0. For definiteness, suppose k; so chosen that

lu!<hl) Ivl<hly le<h1; Iy|<hl; O<}llr

®)

defines such a neighborhood §’. Then, corresponding to any point (2, 2, g")
in a region
X I’Dl<h2, |$C|<h2, |y|<h2, 0<h22h1,

the equations f(u, ) —a2'=0, ¢ (u, v') —y = 0 have respectively
exactly k, ! roots u for which |u| < h;. These are the roots of the poly-
nomials g (u, v, ') and k (u, v, 2’) respectively. Since we seek only those
roots u of equations (4) for which |u | < ki, when 2 and y are suitably re-
stricted in absolute value, it therefore will be sufficient to seek the solution
of (4) from the equations

g(u,v,2) =ur+ 4, (v, 2)u*'+ - - + A (v,2) =0,
h(u,v,y) =u'4+ By (v,y)ut*4+ --- 4+ B, (v,y)=0.

Compute for this pair of equations the resultant R (v, z,y). In particular
we can make this computation by means of Euclid’s algorithm* or Sylvester’s
determinant. The identical vanishing of R (v, z, y) in », x and y is the
necessary and sufficient condition that g (u, v, ) and k& (u, v, y) have a
common factor throughout £. But R(», 0, 0) f 0 and hence, a fortiori,
R(v,z,y)% 0. Forif R(»,0,0) =0, theng(u,»,0)and h(u,v,0)
must have a common factor in the point (0,0,0,0). Sincea (u,v,0) + 0,
any factor of f (u, ») must be a factor of g (u, v, 0) and vice versa from iden-
tities 5. Similarly, any factor of ¢ (u, ») must be a factor of & (u,v,0) and
vice versa. By hypothesis, f and ¢ have no common factor in the point
(0,0). Therefore g (u,v,0) and k (u, v, 0) have no common factor in
the point (0, 0, 0, 0) and consequently R (v, 0, 0) % 0.

Since R.(v, z, y) is a polynomial in the variables 4;, B; with vanishing
constant term, and since the analytic functions A4;, B; (1=1,2, :--, k;

(6)

* See BOCHER's Algebra, Sec. 70, Sec. 76.
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j=1,2,...,1) vanish in the point (0, 0), it follows that R (v, z, y) is an
analytic function of v,  and y in =, which vanishes in the point (0, 0, 0);
that is,

R (v, z, y) is analytic in Z;

R (0,0,0) = 0;
R(v,0,0) 0.

Therefore, R (v, z, y) satisfies all the conditions of the Weierstrassian prepa-
ration theorem; and if » = 0 is a zero of order » of R (v, 0, 0), then, in a
neighborhood

2 |vl<ha, |$I<h3, Iyi<hs, 0< k32 he,
M R(v,z,y)=[v"+Ci(z,y)v" '+ - +Ca(x,y)]c(v,2,y)
=G (0,2, y)c(”’z’y)y

where C; is analytic in (0, 0), C;(0, 0)=0 (¢=1, 2, ---, n) and
¢ (v, z, y) is analytic in (0, 0, 0) and does not vanish there. Further, for
any point (2’, y’) of a certain region

o le<h4, |y|<h4, 0<h42h3

the equation R (v, 2’, ') = 0 has exactly n roots » for which |v| < ks,
and these are the n roots of the polynomial

™+ Cy (3"'3/')”"_1"‘ cor 4 Ch (=, y’)'

But v, thus defined, is an n-valued continuous function of the coefficients
Ci, +-+, Ca,* and consequently an n-valued continuous function of x and
y in the point (2, y’).

What is the behavior of this solution as (z, y), starting from (2’, y') is
allowed to vary continuously in the region o?
If G (v, z, y) is reducible, i. e., if

G(v,x,y) E[GI (”’z:y)]h °te [Gk (1?,2,3/)]1',

where G; (v, z, y) is analytic in (0,0, 0) and G;(0,0,0)=0(:=1, 2,
-++, k) then the solution of the equation @ (v, z, y) = 0 evidently can be
built up from the solution of the equations

Gi(v,2,y)=0, ---, G (v,z,y) = 0.

* Cavcay, Turin Memoirs, 1831; CooLDGE, Annals of Mathematics, second
series, vol. 9 (1908), p. 116; WEBER, Lehrbruch der Algebra, Sec. 44; Brior et BouqueT,
Theorie des fonctions elliptiques, Chapter 3, p. 31.
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Any G; (v, z, y) can be written in the form
v"+a1(z,y)v""1+ s +am(x’y),

where a; (¢, y) has properties identical with those enumerated above for
C:(z, y). Consequently we limit our immediate attention to an equation

® M('v’z’y)Ev”"'al(x,y)”"—l'*'"'+avn(x:y)=0:

where M (v, z, y) is irreducible, a, (2, y), : -+, am (2, y) are analytic in o,
and ¢, (0,0) =0, «--, am (0, 0) = 0.

If m = 1, the equation (8) defines v throughout o as a single-valued and
analytic function of  and y. If m > 1, form the discriminant D (z, y)
of M (v,z,y). D (x,y)isapolynomial ina;(z,y), ---, an (2, y) with
no constant term, and consequently a single-valued and analytic function of
z and y for which D (0,0) = 0. Since M(v, z, y) is irreducible, D (z, y) % 0.
Each of the equations obtained by setting equal to zero an irreducible factor
of D (z, y) defines a continuous locus in the (z, y) space. Corresponding to
every point (o, yo) for which D (20, y0) % 0, the equation M (v, 29, 3,) = 0
has m distinct roots, v, vz, +++, vn. Consequently M (v, z, y) = 0 de-
termines m functions v (, y), each a single-valued and analytic function of
z and y throughout a suitably restricted neighborhood.of z = x,, y = y,,
this region in no case extending to a point in which D (2, y) = 0.

Let (£, ) be any point (z, y) in ¢, for which D (z, y) = 0. The m
roots of the polynomial

M('n,a':,ﬂ)sv”+a1(:t,aj)w"‘1+ "‘+am(i)g)

are each less than k; in absolute value. Denote them by &1, 72, -+« , Om.

Suppose #, is a simple root; then as above, M (v, 2, y) = 0 has a solution
v, which is an analytic function of z and y in the neighborhood of z = %,
y = 7, and takes the value #, in this point. This solution can be extended
analytically* at least to any point of ¢ which is not a point of the locus
D (z,y)=0.

Since D (£, §) = 0, at least two of the #’s are equal. Suppose 7, is a
root of order k, 1 < k¥ Z m. Give to Z and § increments A% and A7, subject
to the single restriction

|2+ 42| <k, |7+47]|<h.

Then a; (£, 7), -+, am (£, §) receive increments Aa;, :--, Aam. Since
a; (z, y) is an analytic function of = and y, we can so control Az and Ay
that Aa; shall be arbitrarily small in absolute value. Consequently, if
be an arbitrarily assigned small positive quantity, it is always possible to

* Encyklopadie der Mathematischen Wissenschaften, vol. II, p. 108, Sec. 47.
Trans. Am, Math. Sec. 38
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determine a value 8, depending on e, so that if

|Aa; | < & (i=1,2. -+, m)
the equation

™+ a1 (2,9)+Aa]™ 4+ -+ an (2,5) +Aan=0
has k and only % roots,* %', %", ---, #®, for which
9) o= |<e, |B—9]<e - |B—1P|<e.

That is, k of the solutions » can be grouped so as to form a k-valued continuous
function of « and y in the neighborhood of the point (%, 7). If, further,
A% and A7 are chosen so that D (Z + AZ, § + A7) ¥ 0, then, as we have seen,
in the neighborhood of any such point (z + AZ, § + Aj), the solutions »
can be grouped so as to yield m single-valued and analytic functions of z
and y.

Now let Az and A7 approach zero while D (z + Az, 5+ Aj) £ 0. The
inequalities (9) show that there are k and only k of these m roots v which,
when (z, y) approaches (%, ), approach as their limiting value #;, the k-fold
value of » when # = &, y = §. The other m — k roots can be grouped
similarly with regard to %, 93, -+, m. But (&, 7) is any point of the locus
D (z, y) = 0. Therefore the roots have this behavior in every point
of D (x,y) = 0. That is, in the neighborhood of any point (z, y) not on
D (z,y) = 0 there are defined m roots v, each of which is a single-valued
and analytic function of z and y in this point; as (z, y) approaches a point
of the locus D (z, y) = 0, each root remains continuous and has as its limit-
ing value some one of the roots at that point. Therefore M (v,z,y) =0
defines » throughout ¢ as an m-valued, continuous function of 2 and y,
analytic, with m distinct branches, except in points of the complex one-dimen-
sional locus D (x, y) = 0, where it is continuous and less than m valued.
Since M (v, 0, 0) = 0 has an m-tuple root » = 0, every element of this
m-~fold continuous function has the value zero when 2 = 0, y = 0.

This discussion is typical for any of the equations Gy (v, z, ) =0, -,
Gy (v, z,y) =0. Let k denote the smallest of the k numbers ks, and H
the largest of the k;. Then, throughout the region

o' |z| <k, ly|<h,
the equation

G(v,x,y) E[GI(’D,xay)]h"'[Gk(v;x:y)]u':0
defines v as a function of z and y for which |v| < H, and which moreover is

* See the reference above to CaucaY and others. See NEUMANN, Abelsche Integrale, 2d
ed., (1884), p. 125, for a definition of continuity for multiple-valued functions.
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everywhere continuous, not more than n-valued, analytic except along a
complex one-dimensional locus, and has the value zero when =0, y = 0.

]
If G; is a polynomial in v of degree m;, then n = 3 I;m;.
=1

We saw above that in the neighborhood of the origin, this equation
G (v, z, y) = 0 solves completely the equation R (v, z, y) = 0. That
is, if we choose arbitrarily a point (2’, y') in ¢’, there will always be at least
one point (v, 2’, y’) in 2’ for which R (v, 2’,3’) = 0. But in every point
(v,z,y) of 2’ for which R (v, z, y) = 0, the left members of (4), which when
the coordinates of this point are substituted become functions of u alone,
have a common factor, thus defining for » a value or values in the point
(z',9').

Since u and » enter symmetrically in the foregoing discussion, the results
apply when u and » are interchanged. Thus, without making use of any
assumption concerning the value of J (u, v) in R, we have shown the existence
of functions u (z, y) and » (z, y) which in the region ¢’ fulfill the demands
of the theorem, with a single possible exception.

May this inverse not be single-valued for some transformation T satisfying
the hypotheses of Theorem 2? If the inverse is single-valued, » must be a
single-valued function of = and y; hence in the equation (8) which defines v,
m must have the value one. Butif m = 1, v is a single-valued and analytic
function of z and y throughout the neighborhood of =0,y = 0. Similarly,
if the inverse is single-valued « must be a single-valued and analytic function
of z and y throughout the neighborhood of z =0,y = 0. Both u (z, y)
and v (z, y) have the value zero when 2 = 0, y = 0. This is‘in direct con-
tradiction to Theorem 1. Hence Theorem 2 is proved.

If instead of the transformation: T we consider the transformation 7", whose
definition differs from that for T in that it omits the condition (c¢), we
deduce the following theorem:

THEOREM 3: If to each point (2, y) of the region R there corresponds in con-
sequence of T’ a finite number of points (u, v) in a suilably restricted region R,
and if t some point (z, y) of R there corresponds more than one point (u, v)
of R, then there exists an inverse, defined throughout the netghborhood of x = 0,
y = 0, everywhere continuous in that neighborhood, finitely multiple-valued, but
not single-valued, analytic except along a complex one-dimensional locus, and
having the value u = 0, v =0 whenx =0,y = 0.

If to each point of the region R there corresponds in consequence of T’ a single
point (u, v) of the region R, then u and v are analytic 1n x and y in the point
z=0,y=0.

The functions f (%, v) and ¢ (%, v) can have no common factor in the point
(0,0), for if they did, the locus defined by equating to zero this common factor
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would correspond to the point x = 0, y = 0, contrary to the hypothesis that to
each point (z, y) of R there correspond only a finite number of points (u, v)
of R. In particular, neither f (u, v) nor ¢ (u, ) can be identically zero.

We show next, that because of this condition that to each point (z, y)
there shall correspond a finite number of points (u, v) it follows that
J(u, v) £0. Since f(u, v) is not a constant, there must be a point
(w1, v1) in R at which a first partial derivative of f (u, v) with respect to one
of its arguments, say fy (u,v),isnot zero. IfJ (u,») = 0, thenin a suitable
neighborhood of # = 2; = f (u;, v1), y is expressible as an analytic function
of z alone.* Consequently the same point (z, y) will correspond to every
point (%, v) which is a point of the locusf (u,v) = x; and is within a suitable
neighborhood S of (u;, v1) in which f, (v, v) # 0. This would set up a
one-to-infinity correspondence, contrary to hypothesis. Therefore J(u, v) £ 0.

Two cases must be considered: J (0, 0) =0, and J (0,0) +£0. If
J (0,0) = 0, all the conditions of Theorem 2 are fulfilled. Consequently the
inverse must be multiple-valued and must satisfy all the conclusions of the
first paragraph of Theorem 3. If J (0, 0) # 0, the transformation 7" de-
fines u and v as analytic in 2 and y in the point (0, 0) and sets up a one-to-one
relation between suitably chosen neighborhoods of the point (z,y)=(0,0) and
the point (%, v) = (0,0). Hence the theorem is proved.

It follows from Theorem 1 and from Theorem 3 that there can not exist a trans-
formation T for which the inverse is single-valued throughout any neighborhood
R of the point z = 0,y = 0.

Part II.
MORE GENERAL SYSTEMS OF EQUATIONS.
THEOREM 4:1 The system of equations

* JorpaN, Cours d’Analyse, Vol. 1, 2d ed. (1893), p. 86.

t This theorem is a generalization of the Weierstrass preparation theorem. It was developed
without knowledge of the important results published in these Transactions for April,
1912, by G. A. Briss under the title A generalization of Weierstrass’s preparation theorem for
power series in several variables, and it differs from the principal theorem of that paper in its
hypotheses and consequently in the scope of its application.

Professor Briss considers certain * characteristic ”’ polynomials, gm (i, -+, ¥p ), namely
the homogeneous polynomials of lowest degree in the series fm (0, -+, 0; 1, -+, ¥p ), and
discusses the solution of such a set of equations as we are considering under the hypothesis
that the resultant R of these polynomials gu be different from zero. This is a condition suf-
ficient to establish results with which, except in a simple case, the results of my Theorem 4
are identical. My hypotheses impose no condition on the value of R, but my condition
Ji (0, ++-,0;0, ---, 0) 4= 0, demands that p — 1 of the characteristic polynomials gum
be linear and that at least one determinant of their matrix be different from zero. It was
erroneously assumed by Dr. L. L. DINES in a paper presented to the American Mathematical
Society on October 26, 1912 (see Bulletin, vol. 19, p. 165) that I had required in all cases
R+0. In thecase R0, my theorem is a special case of that announced by Professor BLiss,
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fl(xl) 0ty Tay Y1, ""yp)=0
(10) f2(zl’"';xn;yh"':y?)‘_‘oy

fﬂ(xl: ctty Tay Yy "”yp)=0’
where

(@) fi(2=1,2, -+, p) 13 an analytic function of its arguments throughout
a netghborhood R of () =0, (y) = 0;

(b) fi(O:""O;O:"':O)=O;

=a(fl)f2’ "’9.fp)_
(C) Jl_a(yl’y2:°'°:yp)—

0 when (z) =0, (¥) =0,

J =a(Jk—2’f2,"',fp)
e 3(3/1,!/2, "’:yp)

J Ea(Jk—lyf2’ "',fp)
T8 (Y1, Y2, s Yp)

=0 when(z)=0,(y)=0,

+0 when (z)=0,(y)=0,

defines y1, Y2, * -+, Yp as functions of x1, 22, * -+, &a, continuous throughout
the nerghborhood of (x) = 0. With a suitable counting of multiplicities always
present this solution 13 k-fold; it is analytic with the possible exception of complex
(n — 1)-dvmensional loci where the roots, in general distinct, become coincident.
When (z) 18 zero, (y) 1s zero.

If p = 1, this theorem is the Weierstrassian preparation theorem; for the
conditions then become fi (21, * -+, Za; y1) = 0, where f; (0, ---, 0; 0) = 0;
fln(oy "')0; 0) = e =fly1’l-l('09 "':0; 0) = O;fln'(o’ "'yO; 0) *0-
Hence, throughout a complete neighborhood of the point (0. ---, 0), the
equation fi (1, *++, &a; y1) = O defines y, as a function of z;, - - -, ,, either
analytic throughout the region, or everywhere continuous and analytic except
along certain loci where theroots, in general distinct, become coincident. If
we count multiple roots in the usual way, this solution is k-valued.

On the other hand, when the restriction is made that fs, - - - , f, have linear characteristic poly-
nomials, the results of Professor BLiss’ theorem follow from mine. Thus the theorems over-
lap while neither is a special case of the other.

At the end of Theorem 4, I give two examples neither of which satisfies the condition R 4= 0,
for “if the characteristic polynomials are all of degree one, their determinant is the resultant
R” (Bliss, loc. cit., p. 136), and in each case this determinant is readily seen to be zero. An
exarmple satisfying my Theorem 5, but one for which R = 0, is

Y+ vy +yi—2,=0,
Yy2—22=0, y1—243=0;
for which J, = y; + 3y3, J, =6y,, J; =6.
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The condition J% (0, ---,0; 0, ---, 0) % O requires that at least one de-
terminant from the matrix
f2vn ) fzu,

(11)
fmlu ] fml,

shall be different from zero when (z) = 0, (y) = 0. For definiteness suppose
the notation so chosen that

a(f2) ""fp
12 —
12) 3y, gy T O
when (z) = 0, (y) = 0. Then the last row of this determinant,

fw:: ] f:w,:

must have at least one element which is not zero at the origin. Suppose
the notation so chosen that

(13) fPﬂ,(O:'”’O;O:"'JO)*O'

Then we can write

f?(xly 0y Ty Y1y ""yp)
E[yp_A(xl"":xﬂ;.ylr""yp—l)]K(zl’"‘:xn;yly""”yp),

where K # 0 in a suitable neighborhood of the origin.
Replacing y, by 4 (21, -+, a; Y1, ***, Yp—1) in all the equations of the
set (10), we are led to the case of p — 1 equations

(14)

fl(xl’ s Tas Y1, 00 Yp-1, A)=Fl (xl) ey Tn; Y1, "')yv—l)=0:

15) - . . . . . . . . . .
fy—l(xl, T Y1y 0 Yp-1, A)=Fp—1.(xl: s Ty Y1, 00 ’yP—1)=O’
fo(2r, o, a3 41, s, Yp1,4) =0,

which obviously satisfy conditions (a) and (b) of the theorem. We show that

the new Jacobian determinant

jE'Fly‘Fzy’..'FP—ll”p-ll

fin + fu, Apr - lv,-1 + f 10, Ay,,_l

fP—l-lh-l-f?—lﬂ, Ayr -+ foa, Vo1 +fp—1 v A.'lp—l

where y, is to be replaced by 4, is zero at the origin, and that the successive
J:, formed from this new determinant J , satisfy conditions (¢) of the theorem.
First, since f, = (yp — 4) K, J has the form
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flul flm i flv,

,fzvl et fzm o fzv,

(yp—A)K,,— K4y, -+ (yp—A)K,,—KA4,, --- (yp— A)Kv,+ K
'which is equal to

flw flv, fp—l.m flﬂ,.n flv,
(16) (y,,—A) fP—l-ﬂx fp—l.u; + fp—l.tn f?‘lon-l fp—l'v,' K
Klﬁ . e Ky, _Am —Av,.a 1
Set
fws s Sy Ju,
— o A=a(f1’f2’ ""fpryp_A)
17 H,= Y A ¥ O N
—dy, v, =4y, 1
and
(18) H#IEG(H‘,fz’...’fp_l’ yP—A).

0 (y1,¥2, "5 Yp—1,Yp)

In the determinant H; multiply the elements of the last column by the lowest
element of the ¢th column, and subtract from the sth column (:=1, 2, ...,
p—1). Then

flvn +flv,Avn Ty flv,.n +f1v,Av,.1

fp—l. i +fr—-l. v,Avu ) fr—l. Yp1 +fp—l. v,Av,.1

That is, H; is the function which under the substitution y, = 4 reduces
to the Jacobian J for the (p — 1) equations (15). Consequently Hy1 goes
over into J;;; under the same substitution. We have seen that when we

replace fp by (y, — 4) K,
(18a) J=(yp— A)|fry++ for, 4. Ky, | + KH;.
Suppose it has been shown that
(19) Jo=(yp— A)L+ MH,+ NH, --- + QH,, + K" H,.
We will now show that for any n
Jusr= (g — A) L'+ M Hy+ - + @ Ho K Hops,

where L, M, ---, L', M’, --- denote analytic functions of (z) and (y)
whose particular form is of no interest. By definition,

HlE
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Jogw o+ Iy,
fay e

J»+1E .
cee e foay,

Jou o0 S,

To replace f, by (yp = A) K affects only the first and last rows. If we leave
the first row unchanged for the moment, and replace f, by’ (y, — 4) K in
the last row, we have

I Tt Jnv, Jom T va,
= (9~ A5, . . ... +K\g L e
K,, - K, — Ay o —4y, 1

We lay aside the first term, which admits y, — 4 as a factor, and in the second
determinant replace J, by its value from (19). The elements of the first
row will be

(yp - A)Ly‘_ LA”‘+ Hl My‘+ Hly‘M+ A + nKn_l KmHn-'- K” Hﬁ”‘
(i=1,2, -+, p, where 4,, is to be replaced by —1).

Expand this determinant in terms of the minors of its first row, then regroup
into the sum of the 2n 4 2 determinants of order p

L“l cee Ly’ I—AUI_AUQ eee 1
20) (yp—A)|- - - « |+Li- - - « -« - .
_Am e 1 I—Aw-—Ay’ oo 1
va Mﬂ, Hlm te Hlv,
+H1 o . . +M e e e e e e
— 4, 1 — 4, 1
Nyl N”, H2”l H2y,
+ Hy|- - - .+ N . .
—Avl 1 '_'I4yl 1
Km Kv, H'W: Hﬂv,
+ nK*H, | - R I -3 I
—Alh eee 1 —A_v1 eee 1

Of the determinants in the right-hand column, the first is identically zero,
the second is Hs, the third is Hg, ---, the (n + 1)st is Hpy1. Therefore,
if the identity (19) is true, then also is

= (yp— A) L'+ M H,+ N Hy+ --- + @ Ho+ K™ Hpy.
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But (18a) establishes this relation for n = 0; it is therefore true for all values
ofn.

Since J1, +++, Ji-1, and y, — A4 are zero at the origin, and since K # 0,
Ji # 0 at that point, it follows from these % identities considered for the values
n=0, ---,n=4Fk— 1 successively, that H; =0, H, =0, ---, Hpa=0,
H, % 0, when () =0, (y) = 0. Consequently the k¥ functions J,, J,
-+, Ji into which the substitution y, = A carries the H’s satisfy the condi-
tions _ _

Ji=0, J2=0, -, Jia=0, J: $0,
when
(x)=0’ 3/1=0, *t yp—1=0°

This process depends in no essential way on the number p of the theorem.
We have rather shown that from any system of equations (p > 1) satisfying
the hypotheses of Theorem 4, it is always possible to build up a second system,
one less in number, satisfying exactly analogous hypotheses. Consequently,
if we carry through this process p — 1 times, we replace the set of equations
(10) by the new set

Yo = Ao (y1, **, Yp-15 %1, ***, Tn),

Yo1=A1(y1, **, Yp-25 21, ***, Tn),
@n

Ys= Aps (41,4221, **+, Tn),
Y2 = Ap—2 (yl; Xy, *°y mn)y
0= F(yl;xly A} xﬂ)’

where Am(m =0, 1, ---, p—2) and F are single-valued and analytic
functions of their arguments in the origin and vanish there, and where further

F,(0;0,---,0)=---=F,4.(0;0,---,0)=0, F,.(0;0,---,0)+0.

In A, s replace y, by Ap—2(y1; 1, - -+, 2,); then in A, 4 replace y; and y;
by their values in y; and (), and so on to 4o. The system (21) is thus
replaced by the equivalent simpler system

Y2 = Ap s (Y1521, +++, Ta) = a3 (Y1521, ***, Tn),

Ys= Aps (Y1, Q2; 21, *++, Tn) = a3 (Y1521, ***, Tn),

22
(22) Yp1 = Al(yly G, =, Qp 23 T1, ***, Tn) = Ap1 (Y15 21, cee, ),

Yo = Ao(yl’a2’ t00y Qpa1; X, "':xﬁ) = aP(yl;xl’ "‘,23,.),

F(y:;xn cee,2,) = 0.



340 G. R. CLEMENTS: [July

The existence and the uniqueness of the equations ym = am (m = 2, -+, D)
is a direct consequence* of condition (12), but the method we have followed
further establishes a set of working conditions on the function F(y:; 21, -+ + , 5).
If we replace F by the equivalent Weierstrassian polynomial of degree k
in y;, then y, is defined by the equation

7 (y1; 21, °",9«'n)‘——‘.1/‘1'+Sl(a:1,---,x,,)yl"-|- e
+Sk(xl’ '°':xn)=0-

In every point of the region of definition which is not a point of the locus
defined by equating to zero the discriminant of some irreducible factor of
r (y1; %1, -+, Zn ), €ach of the roots y; of the equation r = 0 can be expressed
as a single-valued and analytic function of z;, ---, 2., and hence by an im-
mediate substitution y;, ---, y, are determined to be single-valued and
analytic in 2, ---, , in such a point. If we count possible multiple roots
in the usual way, the solution is k-valued. If in the point (0; 0, ---, 0),
r (y1; %1, * -+, Ta ) is completely reducible into factors linear in y,, the solution
is analytic throughout the neighborhond of this point; but in general r is not
thus reducible/ We have, however, discussed in detail the character of ¥
as defined by means of equation (23). It *follows further, from a theorem
due to Poincare,} that y, must also satisfy an equation

y,’:.+Qm1(x1, ”"x”)y:_l-'- “'+Q”lk(xl)”')xm)=0 (m=2,3, ---, p),

where Qi (21, -+, Za)(m =2, ---, p; =1, ---, k) is analytic in the
point (&1, -+, 5) = (0, ---, 0) and vanishes there. Therefore throughout
a suitable neighborhood of (21, -++, 2,) = (0, --+,0), Ym is defined as a
continuous function of z;, ---, x,, analytic with the possible exception of a
complex (n — 1)-dimensional locus, defined by equating to zero the dis-
criminant of some irreducible factor of r (y1; 21, - -+, 2, ), where roots else-
where distinct become coincident. Furthermore y, = 0 when (21, : -+, a)
=(0,:--,0)(m=1,2, .-, p). Hence the theorem is proved.

A simple example of a set of equations satisfying the conditions of this
theorem and having solutions everywhere analytic is the system

(23)

Yi—y—2p3—y=0, y2—21=0,

Ys—a22=0, y—23=0;
for which
J 1 = 2y1 N J 92 = 2.
The solution is
y1=x1+x2 or h=—21— 2
* PicarD, Traité d’ Analyse, 2d ed. (1905), vol. 2, p. 267.
{ PoINcARE, Thesis, Paris, 1879, p. 13, Cor. II.
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with the functions
y:=¢f; Ys = 2122, Yo = 3.

A second example is the system
vi+y+2ys+yi— 20y — 22,9, =0,
yp—ai=0, yp—xze=0, y—2a3=0,

for which J1 =2 (y1 — 21— 22), Jo =2. The inverse is given by the system
of functions

n=2a+ 2z, yo = af, Ys = 1122, Yo = 23,
counted twice.
Note that in the problems as set, every equation has as its left member
an irreducible function of its arguments.
The following theorem gives an example of a further and more general type
of problem.
THEOREM 5: The transformation

-’t1=f1(y1, ""yn))
(24) x2=f2(yly°":yn):

xn‘_‘fn(yl’ ""yﬂ)’
where
(@) f: is a single valued and analytic function of y1, -+, ya in the point
(0, ---, 0) and vanishes there (v=1,2, ---, n);

(¥)=0

() J1(0y”"0).=H

_a(Jk—2:f2’ "',fn)

ool = j =0,
Ji-1 (0, ,0) (Y1, 5 ¥n) =0
0 (Ji1,f2, -2+ fn) 0 k
LI = >1 ;
Jk(o, ’0) a(yl’....’y") (;t:o ( )

has a k valued continuous inverse, defined throughout the neighborhood of (z) = 0.
This inverse s analytic, with k distinct branches, except aleng a complex
(n — 1)-dimensional locus, where it is continuous and less than Ik valued.
Finally (y) = 0 when (z) =0.

If we consider the set of equations

(25) fl(yh"')yn)_‘h:o: ] fn(yly'”:yn)—‘zn:'oy
in an arbitrary complete neighborhood of the point (z) = 0, (y) = 0, which
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includes the region defined for the transformation (24), this theorem follows
at once from Theorem 4, with the exception of the requirement that the
branches of the inverse shall be distinct in any point in which they are analytic.
That the inverse is defined in all points of a complete neighborhood R of
(z) =0, follows as in Theorem 2. To see that in general no two branches of
this solution are the same at a point of R, take a series of steps similar to

those used in deriving equations (22). Suppose the notation so chosen that
this leads to

Y2 = Qp—2 (3/1;332, ""xn)’
Ys = an—S(yl; Z2, "',Z,;),
(26) . . .
Yn = aO(yly X2, ""zn))

xl=fl(yl)an—2: "'}aO) = F(x2: ""xﬂ;yl))
where

F(O’ ...’0)=F"l(0’ ...’0;0)= cee = w‘_l(o’ ...,0;0) =0’
Fuu(0,--+,0;0) +0.

The Weierstrassian preparation theorem puts in evidence the k-fold root y,
of F — z; = 0, a continuous function of x;, - - - , , which satisfies the conditions
of Theorem 5. If the Weierstrassian polynomial has a discriminant not
identically zero, its root will have k distinct values in any point not on the locus
defined by equating to zero the discriminant. But this discriminant is equiva-
lent to the result of eliminating y; from F (x2, - -+, 2p; 1) — 21 and Fy, — 0,
and therefore can not be zero for all values of (23, -+, z,). For the neces-
sary and sufficient condition that F — z, and F,, admit a common factor
throughout the region in which they are defined is that the discriminant vanish
identically. Since F does not involve z;, the function F — z, is irreducible
and is not a factor of F,,. Therefore the discriminant is not identically zero,
and except at points for which this discriminant is zero the solution y; of
F — 2, = 0 has k distinct values; consequently in this point equations (25)
have an analytic inverse with k distinct branches. Further, the discriminant,
while not identically zero, is always zero at the origin, and hence is zero along
a definite locus through the origin. Along this locus the continuous solution
found for equations (25) is less than & valued. Since F — z, is irreducible, y; is
a single k-valued function of z;, - - -, 2., which can not be broken up into two
or more functions each with a lower order of multiplicity. Therefore,if k> 1,
the inverse transformation is defined by functions everywhere continuous, but
not everywhere analytic. This completes the proof of Theorem 5.
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